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ABSTRACT

Certain Sobolev spaces of S1-valued functions can be written as a disjoint

union of homotopy classes. The problem of finding the distance between

different homotopy classes in such spaces is considered. In particular,

several types of one-dimensional and two-dimensional domains are stud-

ied. Lower bounds are derived for these distances. Furthermore, in many

cases it is shown that the lower bounds are sharp but are not achieved.

1. Introduction

Let D be a multiply connected domain or an embedded compact multiply con-

nected manifold in RN . Suppose that the space H1(D,S1) can be written as a

disjoint union of homotopy classes

(1.1) H1(D,S1) =
⋃

d

Ed,
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so that the homotopy classes are indexed by vectors of integers d. Such parti-

tions of Sobolev spaces was first observed by White [7]. In particular, partitions

like (1.1) indeed exist when D is the circle S1, a planar graph, a compact mul-

tiply connected two-dimensional domain, etc. This partition found interesting

applications in physics, where it was used in [6], to explain persistent currents

in superconductivity, and to predict in [5], new structures in liquid crystals.

For d
(1) 6= d

(2) set

(1.1) δ2(d (1),d (2)) = inf

{
∫

D

|∇(u1 − u2)|
2 : u1 ∈ E

d(1) , u2 ∈ E
d(2)

}

.

Two natural questions arise concerning this distance function:

(i) What is the value of δ(d (1),d (2))?

(ii) Is the infimum in (1.2) achieved?

In the next section we solve both questions for the case D = S1. In section

3 we consider two-dimensional multiply connected domains D. We derive a

general lower bound for δ(d (1),d (2)), and prove that the bound is sharp under

certain conditions (called property (C)) on the homotopy class vectors. Finally,

in section 4 we demonstrate through an example that the general lower bound

derived in section 3 may not be optimal if condition (C) is not satisfied. Al-

though some of our results can be readily extended to some three-dimensional

domains (such as the solid torus), we have not examined in detail more general

three-dimensional multiply connected domains.

2. Maps from S1 to S1

Note that H1(S1, S1) ⊂ C1/2(S1, S1), so that each u ∈ H1(S1, S1) has a well

defined degree, and we may write

H1(S1, S1) =
⋃

d∈Z

Ed =
⋃

d∈Z

{u : deg u = d}.

The formula (1.2) for the distance between Ed1 and Ed2 reads in the current

case,

(2.1) δ2(d1, d2) = inf

{
∫

S1

|(u1 − u2)
′|2 : u1 ∈ Ed1 , u2 ∈ Ed2

}

.

A simple lower-bound for δ(d1, d2) is given by the following lemma.

Lemma 2.1: We have:

δ2(d1, d2) ≥
8(d2 − d1)

2

π
.
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Proof: Clearly it suffices to consider the case m := d2 − d1 > 0. For each pair

u1 ∈ Ed1 , u2 ∈ Ed2 we have v = u2/u1 ∈ Em; hence v covers S1 (algebraically)

m times. In particular, each of the values ±1 is attained at least m times. It

follows that there are points:

0 ≤ s1 < t1 < s2 < t2 < s3 < · · · < sm < tm < sm+1 = s1 + 2π,

such that v(eisj ) = 1 (i.e., |u2 − u1|(e
isj ) = 0) and v(eitj ) = −1 (i.e.,

|u2 − u1|(e
itj ) = 2) for each j. A simple consideration and direct calculation

gives

(2.2)

∫

S1

|(u2 − u1)
′|2 ≥

∫

S1

∣

∣|u2 − u1|
′
∣

∣

2
≥

m
∑

j=1

( 4

tj − sj
+

4

sj+1 − tj

)

.

It is clear, for example from the arithmetic-harmonic means inequality, that the

smallest value of the last expression is achieved when all the points {sj, ti} are

equally spaced. Therefore,

(2.3)

∫

S1

|(u2 − u1)
′|2 ≥

∫

S1

∣

∣|u2 − u1|
′
∣

∣

2
≥

(4m)2

2π
=

8m2

π
.

The next simple lemma shows that the distance between two homotopy classes

depends on the difference of the degrees only.

Lemma 2.2: We have δ(d1 + k, d2 + k) = δ(d1, d2), ∀k ∈ Z.

Proof: Take any u1 ∈ Ed1 , u2 ∈ Ed2 with m = d2 − d1 6= 0. With a slight

abuse of notation we view each uj also as a map from [0, 2π] to S1 satisfying

uj(0) = uj(2π). Since the image of u2/u1 is the whole circle S1, the point 1 is in

this image, and so we may assume without loss of generality that u1(0) = u2(0).

For a small ε > 0 define the “rescaled” maps ũj = ũ
(ε)
j on [0, 2π − ε] by

(2.4) ũj(θ) = uj

( 2π

2π − ε
θ
)

, where j = 1, 2.

On the remaining interval [2π − ε, 2π] complete the definition of ũ1, ũ2 by

ũ1(θ) = ũ2(θ) = u1(0) · exp
(

2πki
θ − (2π − ε)

ε

)

.

Clearly, ũj ∈ Edj+k, j = 1, 2, and

lim
ε→0

∫

S1

|(ũ2 − ũ1)
′|2 =

∫

S1

|(u2 − u1)
′|2.

The result follows since uj can be chosen arbitrarily in Edj .

Next we give the main result of this section.
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Theorem 1: For every d1, d2 ∈ Z we have:

(i) δ2(d1, d2) = 8(d2−d1)
2

π .

(ii) For d1 6= d2, δ(d1, d2) is not attained.

Proof: (i) In view of Lemma 2.2 it suffices to consider two cases:

(1) d2 = d > 0, d1 = −d,

(2) d2 = d > 0, d1 = −d+ 1.

In each of these cases we put m = d2 − d1. Note that the equality

(2.5)

∫

S1

∣

∣|u2 − u1|
′
∣

∣

2
=

8m2

π

is achieved in (2.2) if and only if the 2m+ 1 points

s1, t1, s2, t2, . . . , sm, tm, sm+1

are equidistant and the graph of the function |u2 − u1| is piecewise linear with

vertices at the points {(sj , 0), (tj, 2)}mj=1. Motivated by the above, we set, for

j = 1, . . . ,m+ 1,

s̃j = (j − 1)
2π

m
and t̃j = (j − 1)

2π

m
+
π

m
,

and define the function ρ by

(2.6) ρ(θ) =

{

(θ − s̃j)
2m
π θ ∈ [s̃j , t̃j ],

2 − (θ − t̃j)
2m
π θ ∈ (t̃j , s̃j+1],

for j = 1, . . . ,m. For any small ε > 0 consider the following approximation ρε

of ρ:

ρ(ε)(θ) = 2Jε

(ρ

2

)

,

where the map Jε: [−1, 1] → [−1, 1] is an odd C2-map enjoying the following

properties:

(2.7)

Jε(±1) = ±1, J ′
ε(±1) = 0,

Jε(t) = t, |t| ≤ 1 − ε,
0 < J ′

ε(t) < c0, |t| < 1,
c1
ε ≤ |J ′′

ε (t)| ≤ c2
ε , 1 − ε

2 ≤ |t| ≤ 1,

for some positive constants c0, c1, c2 (independent of ε). Set u
(ε)
2 (θ) = eiα(θ) and

then u
(ε)
1 (θ) = ū

(ε)
2 (θ) = e−iα(θ) where

(2.8) α(θ) = α(ε)(θ) =

{

sin−1(ρ(ε)/2) − (1 + (−1)j)π2 θ ∈ [s̃j , t̃j ],

π − sin−1(ρ(ε)/2)− (1 + (−1)j)π2 θ ∈ (t̃j , s̃j+1],
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for j = 1, . . . ,m. Thanks to (2.7) we have eiα ∈ Lip[0, 2π].

Consider first case (1). Then, u
(ε)
2 ∈ Ed, u

(ε)
1 ∈ E−d and

(2.9) (u
(ε)
2 − u

(ε)
1 )(θ) = ±i|(u

(ε)
2 − u

(ε)
1 )(θ)| = ±iρ(ε)(θ), for all θ.

Therefore,

lim
ε→0

∫

S1

|(u
(ε)
2 − u

(ε)
1 )′|2 = lim

ε→0

∫

S1

||u
(ε)
2 − u

(ε)
1 |′|2

= lim
ε→0

∫

S1

|(ρ(ε))′|2 =

∫

S1

(ρ′)2 =
8(2d)2

π
.

In case (2), the maps u
(ε)
1 , u

(ε)
2 are well-defined as maps from [0, 2π] to S1, but

are not well-defined as maps on S1, since their changes of phase on [0, 2π] equal

−(2d − 1)π and (2d − 1)π, respectively. Note that, in particular, u
(ε)
1 (2π) =

u
(ε)
2 (2π) = −1. Therefore, we modify u

(ε)
1 , u

(ε)
2 slightly to maps ũ

(ε)
j , j = 1, 2, in

a similar manner to the argument used in the proof of Lemma 2.2. First, we use

the rescaling (2.4) to define ũ
(ε)
j , j = 1, 2, on [0, 2π − ε]. Then, on (2π − ε, 2π]

we set

ũ
(ε)
1 (θ) = ũ

(ε)
2 (θ) = −exp

(

iπ
θ − (2π − ε)

ε

)

.

Evidently, ũ
(ε)
2 ∈ Ed, ũ

(ε)
1 ∈ E1−d and a simple computation yields

lim
ε→0

∫

S1

|(u
(ε)
2 − u

(ε)
1 )′|2 = lim

ε→0

∫

S1

||u
(ε)
2 − u

(ε)
1 |′|2

= lim
ε→0

∫

S1

|(ρ(ε))′|2 =

∫

S1

(ρ′)2 =
8(2d− 1)2

π
.

(ii) Assume by negation that there exist u1 ∈ Ed1 and u2 ∈ Ed2 such that

(2.10)

∫

S1

|(u1 − u2)
′|2 = δ2(d1, d2).

We may assume without loss of generality that u2(0) = u1(0). It then follows

from (2.2)–(2.3) that the function |u2 − u1| must be equal to the function ρ

given by (2.6). On the interval K = [ π2m ,
3π
2m ] we may write u2 − u1 = ρeiφ, so

that ∫

K

|(u2 − u1)
′|2 =

∫

K

(ρ′)2 + ρ2(φ′)2.

Hence, using (2.10) and (2.3) we infer that φ is identically equal to a constant

on K. Without loss of generality we may assume that the constant is equal to

π/2. Therefore, u1 = ū2 on K, where we may write u2 = eiψ, u1 = e−iψ. It
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follows that ρ = 2 sinψ, i.e., ψ = sin−1(ρ/2) on K. Because of the nature of the

singularity of ψ′ at θ = π/m, the function ψ does not belong to H1(K). Hence

also u2 = eψ 6∈ H1(K,S1), contradicting our starting assumption.

Remark 2.1: It is, of course, possible to consider the distance between ho-

motopy classes with respect to other norms. For example, one may work in

W 1,p(S1, S1), p ∈ [1,∞], and consider the distance

δ(p)(d1, d2) = inf{| (u1 − u2)
′| Lp(S1) : u1 ∈ Ed1 , u2 ∈ Ed2}.

By the above techniques we get:

δ(p)(d1, d2) =

{

21+1/pm
π1−1/p 1 ≤ p <∞,

2m
π p = ∞.

However, the situation may be different when working with weaker norms. For

example, although maps in H1/2(S1, S1) have a well-defined degree, it was

shown by Brezis and Nirenberg [3, Lemma 6 and Remark 6] that for all d1

and d2,

inf{| u1 − u2| H1/2 : u1 ∈ Ed1 , u2 ∈ Ed2} = 0,

where | · | H1/2 denotes the H1/2-seminorm.

It is also straightforward to extend the statements and arguments presented

above to the case where the entire Sobolev norm is used as a distance function

between homotopy classes.

3. S1-valued maps on multiply connected domains in R2

Let G,ω1, . . . , ωn be smooth bounded simply connected domains in R2 with

ωj ⊂⊂ G for all j, and let Ω = G \
⋃n
j=1 ωj (see a scketch in Figure 1).

W

6G

w1

w3

w2

Figure 1. The domain Ω



Vol. 160, 2007 THE DISTANCE BETWEEN HOMOTOPY CLASSES 47

The orientation with respect to which we shall define degrees in the sequel is:

positive (i.e., counter-clockwise) on ∂ωj , j = 1, . . . , n and clockwise on ∂ω0 :=

∂G. Set

(3.1) V0 =
{

d = (d0, d1, . . . , dn) ∈ Zn+1 :

n
∑

j=0

dj = 0
}

.

For d ∈ V0 define

Ed = {v ∈ H1(Ω, S1) : deg(v, ∂ωj) = dj , j = 0, 1, . . . , n}.

We therefore obtain a disjoint decomposition

H1(Ω, S1) =
⋃

d∈V0

Ed.

We shall investigate the distance δ(d (1),d (2)) as defined in (1.2) (for D = Ω)

for any d
(1) 6= d

(2) in V0. We first recall some known results on the minimum

of the energy in each homotopy class. Let

(3.2) I(d) = inf
v∈Ed

∫

Ω

|∇v|2.

By [1, Th. I.1] we have

I(d) =

∫

Ω

|∇Φ|2,

where Φ = Φd satisfies, for some unprescribed constants C1, . . . , Cn,















∆Φ = 0 in Ω,
Φ = Cj on ∂ωj , j = 1, . . . , n,
Φ = 0 on ∂G,
∫

∂ωj

∂Φ
∂ν = 2πdj , j = 1, . . . , n.

Moreover, the infimum in (3.2) is attained by a unique u, up to a constant

rotation, which satisfies
{

u× ∂u
∂x1

= − ∂Φ
∂x2

,

u× ∂u
∂x2

= ∂Φ
∂x1

.

We also have Φ =
∑n
j=1 djΦj , where for each j = 1, . . . , n, Φj satisfies















∆Φj = 0 in Ω,
Φj = const on ∂ωj, j = 1, . . . , n,
Φj = 0 on ∂G,
∫

∂ωi

∂Φj

∂ν = 2πδi,j , i = 1, . . . , n.
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Then,

I(d) =

∫

Ω

|∇Φ|2 =

n
∑

i,j=1

ci,jdidj ,

where ci,j :=
∫

Ω
∇Φi∇Φj .

Next, for any uj ∈ E
d (j) , j = 1, 2, we have v := u2/u1 ∈ Ed, with d =

d
(2) − d

(1). Clearly

(3.3)

∫

Ω

|∇(u2 − u1)|
2 ≥

∫

Ω

∣

∣∇|u2 − u1|
∣

∣

2
=

∫

Ω

∣

∣∇|v − 1|
∣

∣

2
.

Defining

(3.4) H(d) := inf

{
∫

Ω

∣

∣∇|w − 1|
∣

∣

2
: w ∈ Ed

}

,

we therefore proved the following lower bound.

Lemma 3.1: For every d
(1),d (2) ∈ V0 we have δ2(d (1),d (2)) ≥ H(d (2) −d

(1)).

The next proposition provides an explicit relation between H(d) and I(d).

Proposition 3.1: For every d ∈ V0 we have

(3.5) H(d) =
( 2

π

)2

I(d).

Furthermore, the infimum in (3.4) is never attained (for d 6= 0).

Proof: Consider the map T : S1 → S1 defined as follows. For any eiφ ∈ S1,

φ ∈ (−π, π], let T (eiφ) = eiθ with θ = π sinφ/2. Note that

(3.6) |eiφ − 1| = 2
∣

∣

∣
sin

φ

2

∣

∣

∣
=

( 2

π

)

|θ|.

Let the operator T : H1(Ω, S1) → H1(Ω, S1) be defined for any w ∈ H1(Ω, S1)

by (T w)(x) = T (w(x)), ∀x ∈ Ω. Since T is a bijective C1-map from S1 to S1,

T sends each Ed to itself. By (3.6)

(3.7)

∫

Ω

∣

∣∇|w − 1|
∣

∣

2
=

( 2

π

)2
∫

Ω

|∇(T w)|2, ∀w ∈ Ed,

and it follows that H(d) ≥ ( 2
π )2I(d).

Next we turn to the proof of the reverse inequality. The inverse S = T−1

of T is given by: S(eiθ) = eiφ, with φ = 2 sin−1 θ/π, ∀θ ∈ (−π, π]. This map



Vol. 160, 2007 THE DISTANCE BETWEEN HOMOTOPY CLASSES 49

is continuous but not Lipschitz. We therefore define, for each small ε > 0, an

approximation Sε by:

(3.8) Sε(e
iθ) = eiφ with φ = 2 sin−1

(

Jε

( θ

π

))

, ∀θ ∈ (−π, π],

where Jε is defined in (2.7). Since |Sε(e
iθ)−1| = 2|Jε(θ/π)| it follows from (2.7)

that
∣

∣

∣

d

dθ
(|Sε(e

iθ) − 1|)
∣

∣

∣
≤ C, ∀θ, ∀ε.

Therefore, defining for each W ∈ Ed,

(3.9) (SεW )(x) = Sε(W (x)), ∀x ∈ Ω,

we have SεW ∈ Ed and

(3.10) lim
ε→0

∫

Ω

∣

∣∇|SεW − 1|
∣

∣

2
=

∫

Ω

∣

∣∇|S(W ) − 1|
∣

∣

2
.

From (3.10) and (3.6) we finally infer that

(3.11) lim
ε→0

∫

Ω

∣

∣∇|SεW − 1|
∣

∣

2
=

( 2

π

)2
∫

Ω

|∇W |2,

which yields H(d) ≤ ( 2
π )2I(d).

Finally, we show that the infimum in (3.4) is not attained. Looking for a

contradiction, assume that it is attained by some w ∈ Ed. From (3.5) and

(3.7) it then follows that W := T w must be a minimizer in (3.2). We recall

that by a result of [1] (see the beginning of this section), W is a C∞ map

that can be written locally in Ω as W = eiψ with ψ a smooth harmonic func-

tion. It is a standard fact that the critical points of a nonconstant harmonic

function are isolated and that the level-set through a critical point z0 consists

locally of two or more analytic curves intersecting at z0 with equal angles (cf.

[4, pages 18–19]). Therefore, regardless of the property of −1 being a criti-

cal or a regular value of W , there exists a subsegment of an analytic curve,

S ⊂ {W = −1}, on which ψ ≡ π and |∇W | = |∇ψ| 6= 0. We can then choose a

narrow enough “tube”, D = {x ∈ Ω : dist(x, S) < ε}, such that |∇ψ| ≥ η > 0 on

D. But then it follows easily that the function φ = 2 sin−1 ψ/π does not belong

to H1(D). Therefore, w = eiφ 6∈ H1(D,S1), which is a contradiction.

The next result is a direct consequence of Lemma 3.1 and Proposition 3.1.
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Theorem 2: For every d
(1),d (2) ∈ V0 we have

(3.12) δ2(E
d (1) , Ed (2)) ≥

( 2

π

)2

I(d (1) − d
(2)).

Another consequence is a (partial) analogue to assertion (ii) of Theorem 1

(see open problem 1 at the end of this section).

Corollary 3.1: If d
(1) 6= d

(2) are such that equality holds in (3.12) then

δ(E
d(1) , Ed(2)) is not attained.

Proof: Assume by contradiction, that δ(E
d(1) , Ed(2)) is attained by the two

maps uj ∈ E
d(j) , j = 1, 2. Then, it follows from (3.3) that v = u2/u1 ∈ Ed,

with d = d
(2) − d

(1), realizes the infimum in (3.4), and thus contradicting

Proposition 3.1.

Next we look for conditions that guarantee that the inequality in (3.12) is

actually an equality. The following theorem shows that this is the case when

d
(2) = −d

(1).

Theorem 3: If d
(2) = −d

(1) then the lower bound of Theorem 2 is sharp.

Proof: Put d = d
(2) − d

(1) = 2d (2). By Proposition 3.1 and the density of

C1(Ω, S1) in H1(Ω, S1) (see [2]), for every ε > 0 there exists wε ∈ C1(Ω, S1)∩Ed

such that
∫

Ω

∣

∣∇|wε − 1|
∣

∣

2
≤

( 2

π

)2

I(d) + ε.

Since dj is even for all j it follows that there exists uε ∈ E
d (2) ∩C1(Ω, S1) such

that u2
ε = wε. Put vε = 1/uε = ūε which belongs to E

d (1) ∩ C1(Ω, S1). Clearly,

|uε − vε| = |wε − 1| and ℜ(uε − vε) = ℜ(uε − ūε) = 0. Therefore,

∫

Ω

|∇(uε − vε)|
2 =

∫

Ω

∣

∣∇|uε − vε|
∣

∣

2
=

∫

Ω

∣

∣∇|wε − 1|
∣

∣

2
≤

( 2

π

)2

I(d) + ε.

The result follows since ε is arbitrary.

A second case where equality holds in (3.12) is given by the next theorem.

In order to describe it we introduce a property of certain vectors d ∈ V0. For

such d we fix a minimizer W for I(d) over Ed (see (3.2)). Recall that all the

minimizers in (3.2) are given by {eiαW : α ∈ (−π, π]}. Note that by Sard’s

theorem, for a.e. α ∈ (−π, π], eiα is a regular value of W . By this we mean that

eiα is a regular value of both W |Ω and of W |∂Ω. Therefore, denoting g := W |∂Ω,

we have: g−1(eiα) consists of a finite number of points x1, . . . , xm ∈ ∂Ω and
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W−1(eiα) is a union of smooth curves, each connecting some xi to an xj . In fact,

W−1(eiα)∩Ω cannot include closed loops since this would violate the minimizing

property of W (we would redefine W ≡ eiα inside the loop, hence decreasing its

energy). For each such α consider a graph Gα with vertices y0, y1, . . . , yn such

that yj corresponds to ∂ωj, for j = 0, 1, . . . , n. For i 6= j there is an edge in Gα

between yi and yj if and only if W−1(eiα) contains a curve joining two points,

one in ∂ωi and the other one in ∂ωj .

Definition 3.1: We shall say that d has property (C) if for a minimizer W in

(3.2) there exists α ∈ (−π, π] for which the graph Gα is connected.

Theorem 4: Assume that d
(1),d (2) ∈ V0 are such that d = d

(2) − d
(1) has

property (C). Then,

(3.13) δ2(E
d(1) , Ed(2)) =

( 2

π

)2

I(d).

Proof: We may assume without loss of generality that property (C) is satisfied

for W with α = 0. Let g := W |∂Ω and g−1(1) = {x1, . . . , xm} ⊂ ∂Ω. To each xj

we associate a sign sj ∈ {±1} as follows. Let xj ∈ ∂ωk for some k ∈ {0, 1, . . . , n}.

In a boundary interval around xj in ∂ωk we may write g = eiφ. We set sj = 1

if φ is increasing with respect to the orientation that we fixed above on ∂Ω and

sj = −1 otherwise. Put

P+ = {xj : sj = 1} and P− = {xj : sj = −1}.

It is easy to see that |P+| = |P−| = m/2 (i.e., m is even), and then W−1(1)

consists of m/2 disjoint curves, each connecting a point from P+ to a point from

P−. By the definition of the degree we have

∑

xj∈∂ωi

sj = di, i = 0, 1, . . . , n.

By assumption (C), G0 is connected, so there exists a spanning tree with n

edges, e1, . . . , en. To each edge ej we associate two indices i+(j), i−(j) such

that ej connects yi+(j) (corresponding to a positive point on ∂ωi+(j)) to yi
−

(j).

To ej corresponds a curve γj ⊂W−1(1) connecting ∂ωi+(j) to ∂ωi
−

(j).

For any small ε > 0 define a map wε ∈ Ed by wε = SεW (see (3.8)–(3.9)).

Note that by definition w−1
ε (1) = W−1(1). Moreover, by (3.11)

(3.14) lim
ε→0

∫

Ω

∣

∣∇|wε − 1|
∣

∣

2
=

( 2

π

)2
∫

Ω

|∇W |2 =
( 2

π

)2

I(d).
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Fix some ε > 0 and for small η > 0 consider a “tube” of width η around each

γj :

T (j)
η = {x ∈ Ω : dist(x, γj) < η}.

One can readily check that there exists a C1 map zε,η ∈ Ed with the following

properties:

(i) zε,η ≡ 1 on T
(j)
η/2, j = 1, . . . , n.

(ii) zε,η = wε on Aη := Ω \
⋃n
j=1 T

(j)
η .

(iii)
∫

Ω |∇(zε,η − wε)|
2 = Oε(η).

Since Aη/2 is simply connected there exists uε,η ∈ C1(Aη/2, S
1) such that

u2
ε,η = zε,η in Aη/2. Put vε,η = ūε,η = 1/uε,η.

For each j ∈ {1, . . . , n} consider the two “long sides” of ∂T
(j)
η/2, γ

−

j and γ+
j ,

so that the ordering {γ−j , γj , γ
+
j } corresponds to the orientation that we defined

on ∂ωi+(j). We have uε,η = vε,η ≡ σ−

j on γ−j and uε,η = vε,η ≡ σ+
j on γ+

j with

σ±

j ∈ {−1, 1}. Put σj = σ+
j /σ

−

j . Take any smooth function hj on T
(j)

η/2 that

satisfies

hj ≡ 0 on γ−j and hj ≡ π
(1 − σj

2

)

on γ+
j .

Then, complete the definition of uε,η and vε,η to
⋃n
j=1 T

(j)
η/2 by setting

uε,η = vε,η = σ−

j e
ihj on T

(j)
η/2, j = 1, . . . , n.

It follows that for some e
(1), e (2) ∈ V0 we have uε,η ∈ Ee(1) and vε,η ∈ Ee(2) .

Since uε,η/vε,η = zε,η in Ω, we still have

(3.15) e
(2) − e

(1) = d.

For each j = 1, . . . , n define a vector a
(j) ∈ V0 by:

a
(j)
i =

{

1 if i = i+(j),
−1 if i = i−(j),
0 otherwise.

It is easy to see that each vector in V0 can be expressed as a linear combination,

with integer coefficients, of a
(1), . . . ,a (n). In particular, for b := d

(1) − e
(1) =

d
(2) − e

(2) (see (3.15)) there exist α1, . . . , αn ∈ Z such that

b =

n
∑

j=1

αja
(j).

For each j = 1, . . . , n, take a smooth function Hj on T
(j)

η/2 that satisfies

Hj ≡ 0 on γ−j and Hj ≡ 2παi+(j) on γ+
j .
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Then define a function H on Ω by

H(x) =

{

Hj(x) if x ∈ T
(j)
η/2 for some j,

0 otherwise.

Finally, set

ũε,η = eiHuε,η and ṽε,η = eiHvε,η.

We have that ũε,η ∈ E
d (1) , ṽε,η ∈ E

d (2) and ũε,η/ṽε,η = zε,η. Therefore,

|ũε,η − ṽε,η| = |zε,η − 1| in Ω.

Combining it with property (iii) of zε,η and (3.14) we get that

lim
η→0

∫

Ω

|∇(ũε,η − ṽε,η)|
2 = lim

η→0

∫

Ω

∣

∣∇|ũε,η − ṽε,η|
∣

∣

2
= lim

η→0

∫

Ω

∣

∣∇|zε,η − 1|
∣

∣

2

=

∫

Ω

∣

∣∇|wε − 1|
∣

∣

2
+ oε(1)

=
( 2

π

)2

I(d) + oε(1).

Letting ε → 0 we infer that δ2(d( 1),d (2)) ≤ ( 2
π )2I(d) which together with

Theorem 2 gives the result (3.13).

Remark 3.1: Property (C) is satisfied, for example, when d1, d2, . . . , dn > 0.

More generally, it is satisfied if there is no nontrivial subset of indices J (

{0, 1, . . . , n} for which
∑

i∈J di = 0. On the other hand, we shall give an example

in the next section that shows that both property (C) and the conclusion of

Theorem 4 do not always hold.

We close this section with two open problems:

Open problem 1: Is it true that δ(E
d (1) , Ed( 2)) is never attained for d

(1) 6=d
(2),

i.e., is the assumption made in Corollary 3.1, that equality holds in (3.12),

unnecessary?

Open problem 2: Given d 6= 0, is property (C) a necessary condition for the

equality in (3.13) to hold for all d (1),d (2) satisfying d
(2) − d

(1) = d?
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4. An example

In the beginning of this section we shall study the distance between homotopy

classes of S1-valued maps defined on a certain graph. We shall later use it

to produce an example for which the conclusion of Theorem 4 does not hold.

Consider the graph G = F ∪ E1 ∪ E2, where F = ∂B1(0), E1 = ∂B1(2e
is) and

E2 = ∂B1(2e
−is), for some s ∈ (π/6, π/2), so that E1 and E2 do not intersect

each other and they touch F at the points eis and e−is, respectively. Here B1(p)

is the unit disc centered at p. We define:

H1(G,S1) := C(G,S1) ∩H1(F, S1) ∩H1(E1, S
1) ∩H1(E2, S

1).

To each u ∈ H1(G,S1) we associate the vector d = (d1, d2, d3) of the degrees

of u on F,E1 and E2, respectively. This induces a decomposition H1(G,S1) =
⋃

d∈Z3 Ed as in the previous sections. The distance between two homotopy classes

is given by, analogously to (1.2) and (2.1),

(4.1) δ2G(d (1),d (2)) = inf

{
∫

G

|(u1 − u2)
′|2 : u1 ∈ E

d(1) , u2 ∈ E
d(2)

}

.

We shall need the following simple lemma whose proof is postponed after the

description of our example.

Lemma 4.1: Let u, v ∈ H1(S1, S1) satisfy deg u = deg v = k 6= 0 and

|(u− v)(1)| = η > 0. Then,

(4.2)

∫

S1

|(u − v)′|2 ≥
2η2

π
,

and this bound is optimal.

The next result gives an example of non-optimality of the bound of Theorem

2 for maps in H1(G,S1).

Proposition 4.1: Let d
(1) = (1, 1, 1) and d

(2) = (2, 1, 1). Then,

(4.3) δ2G(d (1),d (2)) >
8

π
.

Proof: Take any u1 ∈ E
d (1) and u2 ∈ E

d (2) and let w = u2 − u1. Put η =

max(|w(eis)|, |w(e−is)|) which we may assume without loss of generality to be

achieved at eis = E1 ∩ F . By Lemma 4.1

(4.4)

∫

E1

|w′|2 ≥
2η2

π
.
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Since at some point on F we must have |w| = 2, we deduce from Theorem 1(i)

and the argument used there, that for some s1, s2 ≥ 0 satisfying s1 + s2 = 2s or

s1 + s2 = 2π − 2s we have

(4.5)

∫

F

|w′|2 ≥ max
( 8

π
,
(2 − η)2

s1
+

(2 − η)2

s2

)

.

From (4.4)–(4.5) we infer

(4.6)

∫

G

|w′|2 ≥ g(η) :=
2η2

π
+ max

( 8

π
,
4(2 − η)2

2π − 2s

)

.

Evidently,

(4.7) γ0 := min
η∈[0,2]

g(η) >
8

π
,

and the result follows.

Proof of Lemma 4.1: Put w = u−v. We may assume without loss of generality

that w(1) = (u − v)(1) = ηi. There are two possibilities:

(i) w(eiθ0 ) = 0 for some θ0 ∈ (0, 2π). Then, by the Cauchy–Schwarz inequality

∫

S1

|w′|2 ≥

∫

S1

∣

∣|w|′
∣

∣

2
≥
η2

θ0
+

η2

2π − θ0
≥

2η2

π
.

(ii) γ := min{|w(eiθ)| : θ ∈ [0, 2π)} > 0. In this case the winding number of

w with respect to 0 is also k. In particular, there is some θ1 ∈ (0, 2π) for which

w(eiθ1) = −ti, with t ≥ γ. Writing w = w1 + iw2 we have

∫

S1

|w′|2 ≥

∫

S1

|w′
2|

2 ≥
(η + t)2

θ1
+

(η + t)2

2π − θ1
≥ 2

(η + t)2

π
>

2η2

π
,

and (4.2) follows in this case too.

Finally, we show that (4.2) is optimal. We use a construction similar to the

one used in the proof of Theorem 1(i). Assume first that η < 2. Fix any small

ε > 0. First, set

u(ε)(θ) = v(ε)(θ) = exp
(

2πk
θ + π

ε
i
)

, θ ∈ [−π, ε− π].

On [ε−π, 0] let ρ(θ) = ρ(ε)(θ) be the linear function satisfying ρ(ε−π) = 0 and

ρ(0) = η. Let α(θ) = sin−1 ρ(θ)/2 and then set

u(ε)(θ) = eiα(θ) and v(ε)(θ) = e−iα(θ), θ ∈ [ε− π, 0].
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Finally, on [0, π] use a similar construction to the one used on [ε− π, 0], to get

u(ε) and v(ε) conjugate to each other, and |u(ε)−v(ε)| equals to a linear function

changing from η back to 0. It is elementary to check that the above construction

yields
∫

S1

|(u(ε) − v(ε))′|2 = η2
( 1

π − ε
+

1

π

)

.

The case η = 2 follows from the case η < 2 by a standard approximation

argument.

Next we use the example of Proposition 4.1 to construct a perforated do-

main in R2 for which a case of strict inequality in (3.12) occurs. This domain is

obtained by a certain thickening of the graphG. For any small ε consider an an-

nulus F (ε) = B1+ε(0)\B1−ε(0) and two other annuli E
(ε)
1 = B1+ε(z1)\B1−ε(z1),

E
(ε)
2 = B1+ε(z2)\B1−ε(z2) with z1 = (2+3ε)eis and z2 = (2+3ε)e−is. Finally,

connect F (ε) to E
(ε)
1 and E

(ε)
2 by adding two small “tubes”, Q

(ε)
1 and Q

(ε)
2 of

length and width ∼ ε, around the lines of phase θ = ±s. The resulting domain

will be denoted by G(ε) (see Figure 2). We would like to extend the arguments

of Proposition 4.1 to the new domain. Note that strictly speaking the degree

vectors now are four-dimensional (see (3.1)), with d0 corresponding to the de-

gree along the outer boundary. However, with a slight abuse of notation we

shall suppress d0 and stick to the notation of the one-dimensional case.

(e)

O

F
(e)

E1

(e)
E2

Z1

Z2

Figure 2. The domain G(ε)

We have the following two-dimensional analogue to Proposition 4.1.

Proposition 4.2: Let d
(1) and d

(2) be as in Proposition 4.1. Then, for small

enough ε we have

(4.8) δ2(d (1),d (2)) > H(d (2) − d
(1)).
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Proof: Let d = d
(2) − d

(1) = (1, 0, 0). The inequality (4.8) is a direct conse-

quence of (4.3) and the following two estimates:

H(d) =
16ε

π
+O(ε2),

and

δ2(d (1),d (2)) ≥ 2γ0ε+O(ε3/2),

where γ0 is defined in (4.7).

Proof of (4.9): For any w ∈ Ed we have clearly

(4.11)

∫

G(ε)

|∇w|2 ≥

∫

F (ε)

|∇w|2 ≥

∫ 1+ε

1−ε

∫ 2π

0

|
∂w

∂θ
|2
dθ

r
dr ≥ 2π log

(1 + ε

1 − ε

)

.

On the other hand, consider the map w(ε) defined by w(ε)(z) = z/|z| on Fε,

w(ε)(z) ≡ eis on E
(ε)
1 and w(ε)(z) ≡ e−is on E

(ε)
2 . By a direct construction

we can complete the definition of w(ε) to Q
(ε)
1 ∪Q

(ε)
2 with an additional cost of

energy O(ε2). Thus we get

(4.12)

∫

G(ε)

|∇w(ε)|2 = 2π log
(1 + ε

1 − ε

)

+O(ε2).

From (4.11)–(4.12) it follows that I(d) = 4πε+O(ε2) which together with (3.5)

implies (4.9).

Proof of (4.10): An explicit simple construction shows that

(4.13) δ2(d (1),d (2)) ≤ Cε,

(here and in the sequel we denote by C different constants which do not depend

on ε). Thanks to (4.13), it suffices to consider only pairs of maps uj ∈ E
d (j) ,

j = 1, 2, satisfying
∫

G(ε)

|∇(u2 − u1)|
2 ≤ Cε.

Consider such a pair and set w = u2 − u1. For each α ∈ (s − ε/2, s + ε/2)

consider the two segments:

l1(α) = {z1 + rei(π+α) : r > 0} ∩ (E
(ε)
1 ∪ F (ε)),

l2(α) = {z2 + rei(π−α) : r > 0} ∩ (E
(ε)
2 ∪ F (ε)).

By Fubini’s theorem there exists α0 = α0(ε) ∈ (s− ε/2, s+ ε/2) such that

(4.14)

∫

l1(α0)∪l2(α0)

|∇w|2 ≤ C.
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Note that (4.14) implies

(4.15) |w(x2) − w(x1)| ≤ C|x2 − x1|
1/2 ≤ Cε1/2, ∀x1, x2 ∈ lj(α0), j = 1, 2.

For each r ∈ (1 − ε, 1 + ε) define the following four points:

pj(r) = lj(α0) ∩ ∂Br(zj), qj(r) = lj(α0) ∩ ∂Br(0), j = 1, 2.

Put

η(r) = max(|w(p1(r))|, |w(p2(r))|) and ζ(r) = max(|w(q1(r))|, |w(q2(r))|).

By the argument of Proposition 4.1 we have for each r ∈ (1 − ε, 1 + ε):

(4.16)

∫

∂Br(0)∪∂Br(z1)∪∂Br(z2)

|w′|2 ≥
2η2(r)

πr
+

1

r
max

( 8

π
,
4(2 − ζ(r))2

2π − 2s

)

.

By (4.15) there exists a constant η0 such that:

|η(r) − η0|, |ζ(r) − η0| ≤ Cε1/2, ∀r ∈ (1 − ε, 1 + ε).

Therefore, from (4.16) and (4.6)–(4.7) we infer that

(4.17)

∫

∂Br(0)∪∂Br(z1)∪∂Br(z2)

|w′|2 ≥
γ0

r
− Cε1/2, ∀r ∈ (1 − ε, 1 + ε).

Integrating (4.17) over r ∈ (1 − ε, 1 + ε) yields (4.10).

Remark 4.1: Let e
(1) = (1, 0, 0) and e

(2) = (2, 0, 0), so that

e
(2) − e

(1) = d
(2) − d

(1) = (1, 0, 0).

The argument of Theorem 1 shows that δ2G(e (1), e (2)) = 8/π. Therefore,

Proposition 4.1 shows not only that the bound of Theorem 2 is not optimal

in H1(G,S1), but also that δG(d (1),d (2)) is not always a function of d (2)−d
(1)

only. The same conclusion holds for H1(G(ε), S1). Indeed, we claim that

δ2(e (1), e (2)) = H(e (2) − e
(1)). In this special case, we do not need property

(C) in its full strength, and we can use (part of) the argument of Theorem 4

once we prove that there is a regular value eiα (α ∈ [0, 2π)) of W , for which

W−1(eiα) contains a curve joining ∂B1−ε(0) to ∂B1+ε(0)∩∂G(ε) (W denotes as

usual a minimizer in (3.2)). A quick way to see that, is via the co-area formula.

Denoting by H1 the one dimensional Hausdorff measure, we have
∫ 2π

0

H1({W−1(eiα) ∩ E
(ε)
1 })dα =

∫

E
(ε)
1

|∇W |

≤

(
∫

E
(ε)
1

|∇W |2
)1/2

· |E
(ε)
1 |1/2

≤ Cε.
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Therefore, for almost every α ∈ (0, 2π), eiα is a regular value of W such that

W−1(eiα)∩E
(ε)
1 is a curve of length O(ε). The existence of an α with the desired

properties follows.

Acknowledgement: We thank Peter Sternberg for useful discussion on this

problem.
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