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ABSTRACT

Certain Sobolev spaces of S'-valued functions can be written as a disjoint
union of homotopy classes. The problem of finding the distance between
different homotopy classes in such spaces is considered. In particular,
several types of one-dimensional and two-dimensional domains are stud-
ied. Lower bounds are derived for these distances. Furthermore, in many
cases it is shown that the lower bounds are sharp but are not achieved.

1. Introduction

Let D be a multiply connected domain or an embedded compact multiply con-
nected manifold in RV, Suppose that the space H!(D, S') can be written as a

disjoint union of homotopy classes

(1.1) HYD,S") = J¢a,
d
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so that the homotopy classes are indexed by vectors of integers d. Such parti-
tions of Sobolev spaces was first observed by White [7]. In particular, partitions
like (1.1) indeed exist when D is the circle S!, a planar graph, a compact mul-
tiply connected two-dimensional domain, etc. This partition found interesting
applications in physics, where it was used in [6], to explain persistent currents

in superconductivity, and to predict in [5], new structures in liquid crystals.
For dV #* d@ set

(11) 52(d(1), d(2)) = inf {/ |V(’LL1 — ’LLQ)|2 S Ed(l),UQ S gd(2) }
D

Two natural questions arise concerning this distance function:

(i) What is the value of 6(d™"), d®)?

(ii) Is the infimum in (1.2) achieved?

In the next section we solve both questions for the case D = S!. In section
3 we consider two-dimensional multiply connected domains D. We derive a
general lower bound for 5(d(1), d (2)), and prove that the bound is sharp under
certain conditions (called property (C)) on the homotopy class vectors. Finally,
in section 4 we demonstrate through an example that the general lower bound
derived in section 3 may not be optimal if condition (C) is not satisfied. Al-
though some of our results can be readily extended to some three-dimensional
domains (such as the solid torus), we have not examined in detail more general
three-dimensional multiply connected domains.

2. Maps from S! to S!
Note that H'(S',S) ¢ C'/2(S1,S1), so that each u € H'(S*,S') has a well
defined degree, and we may write
L8t st = UEde{u:degu:d}.
deZ deZ

The formula (1.2) for the distance between &, and &y, reads in the current
case,

(2.1) 62(dy, do) = inf{/ [(ur —u2)'|* :uy € Egyyun € 5d2}-
S1

A simple lower-bound for 6(dy, ds) is given by the following lemma.

LEMMA 2.1: We have:
8(dy — dq)?

™

62(dy, da) >
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Proof: Clearly it suffices to consider the case m := do — d; > 0. For each pair
uy € Egy,uz € Eq, we have v = ug/u; € &,; hence v covers S' (algebraically)
m times. In particular, each of the values £1 is attained at least m times. It
follows that there are points:

0§51<t1<82<t2<53<"'<Sm<tm<8m+1151+27r,

such that v(e®’) = 1 (ie., |ug — ui](e®) = 0) and v(e’s) = —1 (ie.,
lug — uy|(e®i) = 2) for each j. A simple consideration and direct calculation
gives
2 4 4
(2.2) / [(ug —u1)'|* > / lug —u1|'|” > ( + )
g1 51 | | ]:Zl tj—8;  Sj+1—t;

It is clear, for example from the arithmetic-harmonic means inequality, that the
smallest value of the last expression is achieved when all the points {s;,¢;} are
equally spaced. Therefore,

4 2 2
(23) / |(U2 o Ul)l|2 Z / “u2 _ ’LL1|I‘2 Z ( m) — Sﬂ ']
St St

The next simple lemma shows that the distance between two homotopy classes

depends on the difference of the degrees only.
LEMMA 2.2: We have (S(dl + k,ds + k) = (S(dl,dg), Vk € Z.

Proof: Take any u1 € &q,,us € &g, with m = dy — dy # 0. With a slight
abuse of notation we view each u; also as a map from [0,27] to S! satisfying
u;(0) = u;(27). Since the image of us/u; is the whole circle S*, the point 1 is in
this image, and so we may assume without loss of generality that u;(0) = u2(0).

For a small € > 0 define the “rescaled” maps @, = @' on [0,27 — €] by

(2.4) i;(0) = uy (5

—9), where j =1, 2.
2r —¢
On the remaining interval [27 — ¢, 27] complete the definition of 41, s by

9—(277—5)).

1(0) = u2(0) = u1(0) -exp(27rk:i 5

Clearly, u; € E4;+k,j = 1,2, and

ti [ (52 = @) P = [ (- )P
St S

e—0
The result follows since u; can be chosen arbitrarily in &g, . |

Next we give the main result of this section.
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THEOREM 1: For every di,ds € 7Z we have:
2
(i) 62(dy,dy) = Szl
(ii) For dy # da, 6(dy,ds) is not attained.

Proof: (i) In view of Lemma 2.2 it suffices to consider two cases:
(1) do =d > 0,dy = —d,
(2) do=d>0,dy =—-d+1.

In each of these cases we put m = ds — dy. Note that the equality

(2.5) /Sl HUQ _ u1|’}2 _ 8m”

™

is achieved in (2.2) if and only if the 2m + 1 points
Sl,tl, SQ,tQ, ceey Sm,tm, Sm+1

are equidistant and the graph of the function |us — u1| is piecewise linear with
vertices at the points {(s;,0), (¢;,2)}7
j=1,....m+1,

71. Motivated by the above, we set, for

- . 2m 2r 7w
sj:(]fl)ﬁ and t]f(jfl)EJrE

and define the function p by

6 —5;)2m 0 € [5;,1]

2.6 ) = ( 1) ARNIY

20 o0) {2—(9—tj)27m 0 € (tj, 5541,

for j = 1,...,m. For any small € > 0 consider the following approximation p
of p:

p0) = 2. (%),

where the map J.: [-1,1] — [~1,1] is an odd C?-map enjoying the following

properties:
Jo(£1) = £1, JL(+£1)=0
Je(t) =t, [t] <1-—¢,
(2.7) 0<J(t) <co, |t <1,
o <l<e, 1-5< <1,

for some positive constants co, ¢1, c2 (independent of €). Set uéa)(ﬂ) = "% and
then u{® (0) = {7 (0) = e=(® where

sin™ (p(9)/2) — (1 + (=1))5 € 85,451,

. B 0 e
(2.8) O‘(G)O‘()(G){W—sinl(p(f)/2) (1+(— ))% = (tj,sj+1]
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for j =1,...,m. Thanks to (2.7) We have e € Lip|0, 27].
( )

Consider first case (1). Then, u2 €&q,uy €E_4and
(2.9) WS — ul)(0) = +i| (Wl — u$D)(0)] = £ip©(0), for all 6.
Therefore,
_ 5 €) (€)11)2
ti [ 107 =l =t [l = ol
8(2d)>
_ N2 — N2 _
=t [ 109 E = [ o= 2

In case (2), the maps ug ), ué ) are well-defined as maps from [0, 27] to St, but

are not well-defined as maps on S, since their changes of phase on [0, 27] equal
—(2d — )7 and (2d — 1)7, respectively. Note that, in particular, uga)(%r) =

ugs)(27r) = —1. Therefore, we modify uga), uéa) slightly to maps u( ©)

,7=1,2,in
a similar manner to the argument used in the proof of Lemma 2.2. First, we use
the rescaling (2.4) to define u(g) ,7=1,2,0on [0,27 — ¢]. Then, on (27 — &, 27]
we set

al?(0) = al (9) = feXp(iﬂW).

Evidently, @ ) €&t ) € &4 and a simple computation yields

tim [ (o) )= i [ )P
E— St E— St
8(2d — 1)
=1lim [ |(09))? = / ()% = 8Qd—1)°
e—0 Jg1 g1 ™

(ii) Assume by negation that there exist u; € &4, and ug € &4, such that

(210) /S1 |(’LL1 - ’LLQ)/|2 == 52(d1,d2).

We may assume without loss of generality that us(0) = u;1(0). It then follows
from (2.2)—(2.3) that the function |ug — u1| must be equal to the function p
given by (2.6). On the interval K = [5-, 23—7’;] we may write us — u; = pe'?, so
that

[t =B = [ @2 02

Hence, using (2.10) and (2.3) we infer that ¢ is identically equal to a constant
on K. Without loss of generality we may assume that the constant is equal to
7/2. Therefore, u; = s on K, where we may write us = e, u; = e, It
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follows that p = 2sin, i.e., 1 = sin"'(p/2) on K. Because of the nature of the
singularity of ¢’ at = 7/m, the function 1 does not belong to H'(K). Hence
also ug = e¥ ¢ HY(K, S'), contradicting our starting assumption. ]

Remark 2.1: 1t is, of course, possible to consider the distance between ho-
motopy classes with respect to other norms. For example, one may work in
Whr(S1 81) p € [1,00], and consider the distance

5(p)(d1,d2) = inf{| (u1 — UQ)I| Lr(SY) TUl € 5d1,u2 S EdQ}.

By the above techniques we get:

21 +1/Pyy

1<
5(P)(d1ad2) = { wl—=1/p S p <00,

2m —
~ p = 00.

However, the situation may be different when working with weaker norms. For
example, although maps in HY/ 2(81,S1) have a well-defined degree, it was
shown by Brezis and Nirenberg [3, Lemma 6 and Remark 6] that for all dy
and do,

inf{| Uy — u2| Hl/2 T U] € Edl,UQ € Edg} =0,

where | -| gi/2 denotes the H'/2-seminorm.

It is also straightforward to extend the statements and arguments presented
above to the case where the entire Sobolev norm is used as a distance function
between homotopy classes.

3. S'-valued maps on multiply connected domains in R?

Let G,w1,...,w, be smooth bounded simply connected domains in R? with
wj CC G for all j, and let Q@ =G\ U7:1 w; (see a scketch in Figure 1).

2
Q® @

oG

Figure 1. The domain Q2
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The orientation with respect to which we shall define degrees in the sequel is:

positive (i.e., counter-clockwise) on Ow;,j = 1,...,n and clockwise on dwg :=
0G. Set
(3.1) V0:{d:(do,dl,...,dn)GZ"“:Zdj:()}.

For d € Vy define
Ea={ve H'(Q,S") : deg(v,0w;) =d;,j=0,1,...,n}.

We therefore obtain a disjoint decomposition

= &

deVy

We shall investigate the distance 6(dV), d?) as defined in (1.2) (for D = Q)
for any d M #*d ) in V. We first recall some known results on the minimum
of the energy in each homotopy class. Let

(32) = 11[1f/|Vv|2

ﬂegd

By [1, Th. I.1] we have
1= [ |vep
Q

where & = ®4 satisfies, for some unprescribed constants Cy,...,C,,
AP =0 in Q,
CI) C; on Owj,j=1,...,n,
0 on 0G,
faw, 2 =2md;, j=1,...,n

Moreover, the infimum in (3.2) is attained by a unique w, up to a constant
rotation, which satisfies

ou _ _ 0P
u X 6.’1)1 - 6.’1)27
ou __ 0P
u X 6.’1}2 - le :

We also have & = 2?21 d;®;, where for each j =1,...,n, ®; satisfies

Ad; =0 in ,
®; = const on dwj,j=1,...,n,
D, —0 on JG,

faw B —2’/T5i’j, iil,...,n
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Then,

1@ = [ IVoP = Y e,
Q

i,j=1
where Cij = fQ V(I)ZV(I)]
Next, for any u; € E;6), 7 = 1,2, we have v := ug/us € &g, with d =
d® — dW. Clearly

(3.3) /|V(u27u1)|22/ |V|u27u1||2:/ Vo — 1.
Q Q Q

Defining

(3.4) H(d) = mf{/ﬁ\wwuf:weed},

we therefore proved the following lower bound.

LEMMA 3.1: For every dV, d® e Vy we have 62(dV, d®) > H(d® —dV).
The next proposition provides an explicit relation between H(d) and I(d).

PROPOSITION 3.1: For every d € Vy we have

(3.5) H(d) = (z)Ql(d).

™

Furthermore, the infimum in (3.4) is never attained (for d # 0).

Proof: Consider the map T: S — S' defined as follows. For any e'® € S,
¢ € (—m, 7], let T(e'®) = € with § = 7sin¢/2. Note that

g~ Qo

Let the operator 7: H(2, S1) — H(Q, S') be defined for any w € H'(Q, S*)
by (Tw)(z) = T(w(z)),Vx € Q. Since T is a bijective C'-map from S! to S!,
T sends each &4 to itself. By (3.6)

(3.6) e’ — 1| =2

(3.7) /Q|V|w71||2:(%)2/Q|V(Tw)|2, Y € Eq,

and it follows that H(d) > (2)%I(d).
Next we turn to the proof of the reverse inequality. The inverse § = T~}
of T is given by: S(e?) = €', with ¢ = 2sin™ ' 6/7,V0 € (—m,x]. This map
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is continuous but not Lipschitz. We therefore define, for each small € > 0, an
approximation S¢ by:

(3.8) S.(e%) = ¢ with ¢ = 2sin~! (J(%)) Vo € (—m, 7,

where J. is defined in (2.7). Since |S-(ei?) —1| = 2|J.(6/7)] it follows from (2.7)
that
(5. 1| <0 vove

Therefore, defining for each W € &y,
(3.9) (SW)(z) = S.(W(x)), Vx e,

we have S.W € &4 and
(3.10) lim/ |V|S€W71||2:/ VISW) — 1.
e—0 Q Q

From (3.10) and (3.6) we finally infer that

. 27 2 2 2
(3.11) ;%/Q}WSEW—IH - (;) /Q|VW|,

which yields H(d) < (2)%I(d).

Finally, we show that the infimum in (3.4) is not attained. Looking for a
contradiction, assume that it is attained by some w € &4 From (3.5) and
(3.7) it then follows that W := Tw must be a minimizer in (3.2). We recall
that by a result of [1] (see the beginning of this section), W is a C°° map
that can be written locally in Q as W = ¢ with ) a smooth harmonic func-
tion. It is a standard fact that the critical points of a nonconstant harmonic
function are isolated and that the level-set through a critical point zy consists
locally of two or more analytic curves intersecting at zo with equal angles (cf.
[4, pages 18-19]). Therefore, regardless of the property of —1 being a criti-
cal or a regular value of W, there exists a subsegment of an analytic curve,
S C {W = —1}, on which ¢y = 7w and |[VIW| = |V¢| # 0. We can then choose a
narrow enough “tube”, D = {z € Q : dist(z, S) < €}, such that [Vy)| > n > 0on
D. But then it follows easily that the function ¢ = 2sin™! ¢ /7 does not belong
to HY(D). Therefore, w = ¢! ¢ H(D, S'), which is a contradiction. |

The next result is a direct consequence of Lemma 3.1 and Proposition 3.1.
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THEOREM 2: For every d(l)7 d® eV, we have
2 AN [ )
(3.12) S (Eqy, Egn) > (;) 1(dW — 4@,

Another consequence is a (partial) analogue to assertion (ii) of Theorem 1
(see open problem 1 at the end of this section).

COROLLARY 3.1: If d'V # d® are such that equality holds in (3.12) then
3(Egn, Eq) Is not attained.

Proof:  Assume by contradiction, that §(€ a1y, Ex2)) is attained by the two
maps u; € Ey,J = 1,2. Then, it follows from (3.3) that v = ua/u1 € &g,
with d = d® — dW, realizes the infimum in (3.4), and thus contradicting
Proposition 3.1. |

Next we look for conditions that guarantee that the inequality in (3.12) is

actually an equality. The following theorem shows that this is the case when
d® = _q®.

THEOREM 3: If d® = —d™ then the lower bound of Theorem 2 is sharp.

Proof: Put d = d® — dV) = 24®, By Proposition 3.1 and the density of
C1(Q,SY) in HY(Q, SY) (see [2]), for every e > 0 there exists w. € C1(2,S1)NEy

such that 912
2
/Qywwg—lu < (;) I(d) +e.

Since d; is even for all j it follows that there exists u. € €52 N CH(, S') such
that u? = w.. Put v. = 1/u. = 4. which belongs to £;a) N C1(2, S1). Clearly,
|ue — ve| = |we — 1] and R(ue — ve) = R(ue — ue) = 0. Therefore,

2
[ ¥t =0 = [ (9=l = [ |Vlwe -1 < (2) 1@+
Q Q Q ™

The result follows since € is arbitrary. |

A second case where equality holds in (3.12) is given by the next theorem.
In order to describe it we introduce a property of certain vectors d € V,. For
such d we fix a minimizer W for I(d) over &4 (see (3.2)). Recall that all the
minimizers in (3.2) are given by {e"®W : a € (—m,n]}. Note that by Sard’s
theorem, for a.e. a € (—m, 7], €' is a regular value of W. By this we mean that
e is a regular value of both W|q and of W|sq. Therefore, denoting g := W|sq,
we have: g~1(e’) consists of a finite number of points z1,..., 2z, € 9Q and
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W ~1(e'®) is a union of smooth curves, each connecting some ; to an x;. In fact,
W=1(e!*)NQ cannot include closed loops since this would violate the minimizing
property of W (we would redefine W = e inside the loop, hence decreasing its
energy). For each such « counsider a graph G, with vertices yo,y1, ..., yn such
that y; corresponds to dwj, for j =0,1,...,n. For ¢ # j there is an edge in G,
between y; and y; if and only if W~!(e’®) contains a curve joining two points,
one in Jw; and the other one in Jw;.

Definition 3.1: We shall say that d has property (C) if for a minimizer W in
(3.2) there exists o € (—m, 7] for which the graph G, is connected.

THEOREM 4: Assume that dV,d® € Vy are such that d = d® — dV has
property (C). Then,

21 2
(3.13) S (E gy, Eg) = (;) I(d).
Proof: 'We may assume without loss of generality that property (C) is satisfied
for W with o = 0. Let g := W|aq and g~ (1) = {z1,..., 2} C Q. To each x;
we associate a sign s; € {£1} as follows. Let z; € Owy, for some k € {0,1,...,n}.
In a boundary interval around z; in Owy we may write g = e'®. We set s;=1
if ¢ is increasing with respect to the orientation that we fixed above on 02 and
5; = —1 otherwise. Put

Pt ={zj:s;=1} and P~ ={z;:s;=—1}.

It is easy to see that |P*| = |P~| = m/2 (i.e., m is even), and then W~1(1)
consists of m/2 disjoint curves, each connecting a point from P to a point from
P~. By the definition of the degree we have

Z Sj:di, ’L'ZO,L...,’I’L.

TjE0w;

By assumption (C), Gy is connected, so there exists a spanning tree with n
edges, e1,...,e,. To each edge e; we associate two indices i, (j),i—(j) such
that e; connects y;, (5 (corresponding to a positive point on &u”(j)) 10 Yi_ (j)-
To e; corresponds a curve v; C W'(1) connecting dw; ;) to dw;_ ;).

For any small ¢ > 0 define a map w. € &g by w. = S.W (see (3.8)-(3.9)).
Note that by definition w7 !(1) = W~1(1). Moreover, by (3.11)

(3.14) gii%/QWmfuf: (%)Q/QWWF: (%)21((1).
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Fix some € > 0 and for small > 0 consider a “tube” of width 1 around each
i+
Téj) = {z € Q : dist(z,v;) < n}.

One can readily check that there exists a C' map Zey € Eq with the following
properties:

(i) zen=1on Té%,

(i) ze,y = we on Ay == Q\ U?Zl T,gj).

(ii)) o [V (ze — we)? = Oc(m).
Since A,/ is simply connected there exists u., € ct (A,]/Q,Sl) such that

j=1,...,n.

u?m = Zeqy in Ay jo. Put vy = ey = 1/uc .

For each j € {1,...,n} consider the two “long sides” of 6T7§?)2, 7v; and 'yj‘-",
so that the ordering {’y;, Y W;F} corresponds to the orientation that we defined
on aw”(j). We have e, = Ve = o; onry; and Ue gy = Ve = a;f on v;f with
ajj-[ e {-1,1}. Put g; = a;’/aj_. Take any smooth function h; on TEIJ/)Q that

satisfies

1— .
hj=0on~; and hjE?T( ZUJ)onfyj'-".

Then, complete the definition of u. , and v, 5, to U?Zl T4)

/2 by setting

_ . — ihj (4)
Uey = Ve =0;€" onT

y /20 j=1,...,n.

It follows that for some e(l), e®@ ¢ Vo we have u., € Eqy and vey € Ego.

Since ue /e,y = 2,y in Q, we still have
(3.15) e®_—el) =4

For each j = 1,...,n define a vector a?) € V, by:
(1 ifi=ig(),
a)f) = { 1 ifi=i-(j),

0 otherwise.

It is easy to see that each vector in 1 can be expressed as a linear combination,
with integer coefficients, of a¥), ..., a™. In particular, for b:= d") — e =
d® — e® (see (3.15)) there exist ay,...,a, € Z such that

b= Zaja(j).
j=1

For each j =1,...,n, take a smooth function H; on Tff/)Q that satisfies

Hj=0on~vy; and H;=2ma; (j on ’yj.
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Then define a function H on 2 by
H(z) = {H](x) if v € Té% for some 7,
0 otherwise.
Finally, set
Ue,y = eiHuw, and Ve, = eiva,.
We have that @., € E4), Ve € E42 and Ue y/Ve y = 2e,n. Therefore,

|G,y — Ve,n| = |2e,y — 1] in Q.

Combining it with property (iii) of z. , and (3.14) we get that

lim [ V(G — Uey) *hm/‘V|u€77 ”€n|| *hm/|V|z€77

n—0 Jq n—0

:/Q‘Vlwe_ll‘ +08(1)
_ (g)Ql(d) +o.(1).

m
Letting ¢ — 0 we infer that 62(d",d®) < (2)2I(d) which together with
Theorem 2 gives the result (3.13). |

Remark 3.1: Property (C) is satisfied, for example, when dy,ds,...,d, > 0.
More generally, it is satisfied if there is no nontrivial subset of indices J C
{0,1,...,n} for which } . ; d; = 0. On the other hand, we shall give an example
in the next section that shows that both property (C) and the conclusion of
Theorem 4 do not always hold.

We close this section with two open problems:

OPEN PROBLEM 1: Isit true that §(E€ ), E4» ) is never attained for d® + d(2),
ie., is the assumption made in Corollary 3.1, that equality holds in (3.12),

unnecessary?

OPEN PROBLEM 2: Given d # 0, is property (C) a necessary condition for the
equality in (3.13) to hold for all dW, d? satistying d® — 4V = d?
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4. An example

In the beginning of this section we shall study the distance between homotopy
classes of S'-valued maps defined on a certain graph. We shall later use it
to produce an example for which the conclusion of Theorem 4 does not hold.
Consider the graph G = F U E; U Es, where F = 9B1(0), By = 0B1(2¢*) and
Ey = 0B1(2e7%), for some s € (7/6,7/2), so that E; and Ey do not intersect

each other and they touch F at the points % and e~**, respectively. Here Bi(p)

is the unit disc centered at p. We define:
HYG,S8Y :=C(G,SYYnHYF,SYYNnHY(Ey,S*)n H'(Ey, SY).

To each u € H'(G, S') we associate the vector d = (d1,dz,d3) of the degrees
of uw on F, By and Es, respectively. This induces a decomposition H (G, S) =
Ugezs €a as in the previous sections. The distance between two homotopy classes
is given by, analogously to (1.2) and (2.1),

(4.1) 5&(dM,d?) = inf {/ [(ur —ug)|* s ur € Egonyuz € 5d<2>}-

G
We shall need the following simple lemma whose proof is postponed after the
description of our example.

LEMMA 4.1: Let u,v € H'(S',S') satisfy degu = degv = k # 0 and
|(u —v)(1)] =n > 0. Then,

(1.2 JRCEEGEES

T
and this bound is optimal.

The next result gives an example of non-optimality of the bound of Theorem
2 for maps in H'(G, S*).

PROPOSITION 4.1: Let dM = (1,1,1) and d® = (2,1,1). Then,

(4.3) 6% (dW, d?) > 8
e

Proof: Take any u; € £;0) and uy € € 2 and let w = up —uy. Put n =
max(|w(e®)|, |w(e~*)|) which we may assume without loss of generality to be
achieved at e** = F; N F. By Lemma 4.1

2 2
(1.4) | owe=2
Eq ™
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Since at some point on F we must have |w| = 2, we deduce from Theorem 1(i)
and the argument used there, that for some s1, s > 0 satisfying s; + s3 = 2s or
S$1 + 89 = 2w — 25 we have

(4.5) /F ' > max (% -’ @- 7’)2).

S1 52

From (4.4)—(4.5) we infer

(46) = gt o= 2 4 max (2,420
Evidently,
(4.7) 7= min_g(n) > 2,
n€lo,2] T
and the result follows. |

Proof of Lemma 4.1: Put w = u—v. We may assume without loss of generality
that w(1) = (u — v)(1) = ni. There are two possibilities:
(i) w(e?) = 0 for some 6y € (0,27). Then, by the Cauchy-Schwarz inequality

2 2 2 2
/ |w/|22/ “wll‘22n_+ n Zi
S1 S1 90 27‘(790 s

(ii) v := min{|w(e®)| : € [0,27)} > 0. In this case the winding number of
w with respect to 0 is also k. In particular, there is some 6; € (0, 27) for which

w(e) = —ti, with ¢ > ~v. Writing w = w; + iw, we have
)2 )2 2 22
g1 51 01 21 — 6 s T

and (4.2) follows in this case too.

Finally, we show that (4.2) is optimal. We use a construction similar to the
one used in the proof of Theorem 1(i). Assume first that 7 < 2. Fix any small
€ > 0. First, set

0+ .
1
€

u®(0) = v () = exp (27rk ), 0e€|-me—ml.

On [ —7,0] let p(f) = p') () be the linear function satisfying p(¢ — ) = 0 and
p(0) = n. Let a(f) = sin~* p(6)/2 and then set

u® () = and v (@) =e @O gele—m,0.
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Finally, on [0, 7] use a similar construction to the one used on [¢ — , 0], to get
u(®) and v(®) conjugate to each other, and |u(®) —v(®)| equals to a linear function
changing from 7 back to 0. It is elementary to check that the above construction
yields

1 1
[ =@y = (——+ ).
St mT—& T

The case n = 2 follows from the case n < 2 by a standard approximation
argument. |

Next we use the example of Proposition 4.1 to construct a perforated do-
main in R? for which a case of strict inequality in (3.12) occurs. This domain is
obtained by a certain thickening of the graph G. For any small € consider an an-
nulus &) = By (0)\ B;_.(0) and two other annuli EF) = Bite(71)\B1—¢(#1),
ES® = By (22)\ Bi_c(22) with 21 = (24 3¢)e’® and 2, = (2+3¢)e~%*. Finally,
connect F(®) to EF) and Eée) by adding two small “tubes”, ga) and Qgs) of
length and width ~ e, around the lines of phase § = £s. The resulting domain
will be denoted by G(®) (see Figure 2). We would like to extend the arguments
of Proposition 4.1 to the new domain. Note that strictly speaking the degree
vectors now are four-dimensional (see (3.1)), with do corresponding to the de-
gree along the outer boundary. However, with a slight abuse of notation we
shall suppress dy and stick to the notation of the one-dimensional case.

F* E,’

Figure 2. The domain G(¢)

We have the following two-dimensional analogue to Proposition 4.1.

PROPOSITION 4.2: Let dV and d® be as in Proposition 4.1. Then, for small
enough € we have

(4.8) §2(dW,d@) > H(d® — dW).
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Proof: Let d = d® —d™" = (1,0,0). The inequality (4.8) is a direct conse-
quence of (4.3) and the following two estimates:

H(d) = = +0()

and
§*(dW, d®) > 2y0e + O(*/?),
where 7 is defined in (4.7).

Proof of (4.9): For any w € £4 we have clearly

1+e 27 1
(4.11) / |Vw|22/ Vol? > / / |6—w|2 dr > 2rlog (1),
G F) 1 1—¢

On the other hand, consider the map w(®) defined by w(®)(2) = z/|z| on F.,
w®(2) = ¢ on B\ and w®(2) = e~ on ES). By a direct construction

we can complete the definition of w(®) to Qf’ U Qé’” with an additional cost of
energy O(¢?). Thus we get

1
(4.12) / IVw®)? —27r10g( +€) +0().
a© 1—¢
From (4.11)—(4.12) it follows that I(d) = 4me + O(g?) which together with (3.5)
implies (4.9).
Proof of (4.10): An explicit simple construction shows that
(4.13) 52(dW,d@) < Ce,

(here and in the sequel we denote by C' different constants which do not depend
on ¢). Thanks to (4.13), it suffices to consider only pairs of maps u; € £;0),
7 = 1,2, satisfying

/ |V (ug — u1)|? < Ce.
e10)

Consider such a pair and set w = ug — uy. For each a € (s —¢/2,s + ¢/2)
consider the two segments:

La)={z +rei™  p > 01N (Ef) U F®),
la(a) = {z 4+ re'™ . r > 01N (Eés) UF®).

By Fubini’s theorem there exists ap = ap(e) € (s — /2, s + €/2) such that

(4.14) / |Vuw|* < C.
ll(ao)Ulz(ao)
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Note that (4.14) implies
(4.15) |w(zz) —w(x1)| < Clog — 21 |Y? < CeV?) Vay, 20 € 1j(ag), 5= 1,2.
For each r € (1 — ¢,1 + ¢) define the following four points:
p;(r) =lj(a0) N 0B (25), qj(r) =1;(a0) N9B-(0), j=1,2.
Put

1(r) = max(|w(p: ()], [w(pz(r))]) and  ((r) = max(|w(qi(r))], [wlg2(r))]).
By the argument of Proposition 4.1 we have for each r € (1 —¢,1 +¢):

Wz s 20 %max(gw),

(4.16) /
9B, (0)UDB,.(21)UD B, (z2) mr T 27 —2s

By (4.15) there exists a constant 7o such that:
In(r) —nol, [C(r) —no| < CeY/2, Vre(l—e1+e).
Therefore, from (4.16) and (4.6)—(4.7) we infer that

(4.17) / W'2>20 —0el? Yre(l—e1+e).
9B, (0)UdB,.(21)UdB,.(22) r
Integrating (4.17) over r € (1 —&,1 + ¢) yields (4.10). |

Remark 4.1: Let e = (1,0,0) and e® = (2,0,0), so that
e® e =d® _dM =(1,0,0).

The argument of Theorem 1 shows that 62(e(”),e(®) = 8/m. Therefore,
Proposition 4.1 shows not only that the bound of Theorem 2 is not optimal
in H*(G, S1), but also that g (d™", d®) is not always a function of d® — d
only. The same conclusion holds for H'(G(),S'). Indeed, we claim that
52((3(1), e(2)) = H(e(2) — e(l)). In this special case, we do not need property
(C) in its full strength, and we can use (part of) the argument of Theorem 4
once we prove that there is a regular value e’ (a € [0,27)) of W, for which
W~1(e') contains a curve joining dB;_.(0) to dB;1,-(0)NOGE) (W denotes as
usual a minimizer in (3.2)). A quick way to see that, is via the co-area formula.
Denoting by H! the one dimensional Hausdorff measure, we have

o

MW e B e = [ W

1/2
s(/ |VW|2) B2
B

0
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Therefore, for almost every a € (0,27), ' is a regular value of W such that
w-t (ei“)ﬂEf) is a curve of length O(e). The existence of an « with the desired
properties follows.

ACKNOWLEDGEMENT: We thank Peter Sternberg for useful discussion on this
problem.
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